A protocol for transferring an unknown single qubit state has quantum features when the average fidelity of the outcomes is greater than 2/3. We use the probabilistic and unambiguous state extraction scheme as a mechanism to redistribute the fidelity in the outcome of the teleportation when the process is performed with an X−state as a noisy quantum channel. We show that the entanglement of the channel is necessary but not sufficient in order for the total average fidelity fX to display quantum features, i.e., we find a threshold CX for the concurrence of the channel. If the mechanism for redistributing fidelity is successfully applied then we find a filtrable outcome with normalized average fidelity fX,USE,0 greater than fX . In addition, we find the threshold concurrence of the channel CX,USE,0 in order for the normalized average fidelity to display quantum features. Surprisingly, we find that the threshold concurrence CX,USE,0 can be lesser than CX. Finally, we show that if the mechanism for redistributing fidelity fails then the respective filtrable outcome has average fidelity lesser than 2/3.
I. INTRODUCTION
Deterministic teleportation demands three important ingredients: a maximally entangled state as a quantum channel, one-way transfer of classical information, and a pre-existing agreement on the basis of measurement between the two spatially separated laboratories. The quantum features of the channel are key resources, which can be irreversibly affected by the interaction with the surrounding environment. It is well known that different kinds of decoherence, dephasing, and dissipation mechanisms reduce purity and entanglement of the channel. In particular, it has been shown that in different physical systems, an initial Bell state evolves into a stationary X-state when it undergoes non-Markovian interaction mechanisms. [2, 3] . Therefore, an X−state is a good candidate to be considered as a real noisy quantum channel for implementing quantum protocols. In this context much effort has been devoted to engineer those undesired effects in order to minimize the degrading effects [4] . Similarly, a great interest has emerged in the scientific community to characterize the physical bounds and the kind of states, which, despite their mixture degree, are able to manifest quantum features. In this context N. Gisin found the value 2/3 as the upper bound for the fidelity when teleportation is performed with a particular separable state [5] . S. Popescu shows that, in general, an average fidelity larger than 2/3 appears when the channel has non-classical features [6] . Additionally, a relation between the maximal fidelity of teleportation and the maximal singlet fraction attainable by means of local quantum and classical communication action has been found [7, 8] . On the other hand, teleportation with a pure * Electronic address: lroa@udec.cl partially entangled state can be performed probabilistically. In this case, the original teleporation scheme [1] is complemented with an unambiguous state discrimination scheme [9, 10] or with an unambiguous state extraction scheme [11] . Both schemes have the same probability of achieving successful teleportation, i.e., an outcome with fidelity 1. Recently, an interesting proposal shows a probabilistic scheme without losing the quantum information to be teleported [12] .
In this paper we show that the unambiguous state extraction (USE) scheme can be used to redistribute the average fidelity in the outcome states when teleportation is performed with an X−state. Additionally, we show that, in both processes, with and without USE, there is a competition between entanglement which introduces quantum features and the dissipation mechanism which decreases the population inside the principal subspace of the quantum channel. Thus, we find threshold values of the channel concurrence in order for the quantum features of the processes to be manifested in the average fidelity. The paper is organized as follows: In Sec. II we describe briefly the object of analysis of this work, the average fidelity. In Sec. III, we review the teleportation protocol with a pure quantum channel in order to characterize its main aspects. In Sec. IV, we present a detailed analysis of teleportation carried out with an Xstate as the quantum channel. Finally, in the last section we summarize our principal results.
II. AVERAGE FIDELITY
Uhlmann's expression for transition probability F = (T r √ ρ̺ √ ρ) 2 was proposed as a well defined fidelity of a quantum state ρ with respect to another quantum state ̺, or vice verse [13] . This fidelity accounts for how close or similar the states ̺ and ρ are; for instance, if ρ = ̺ then F = 1, otherwise if ρ = ̺ then 0 ≤ F < 1. When the states belong to a two-dimensional Hilbert space, R. Jozsa found that F = T r (ρ̺) + 2 det (ρ) det (̺). By noting that in this case det (ρ) = (1 − T rρ 2 )/2 we obtain
If at least one of the two states is pure, say ρ = |ψ ψ|, then F = ψ|̺|ψ . In quantum information theory, the challenge is to transmit via a particular protocol an unknown pure state |ψ with the highest fidelity possible. However, due to some undesired process the received state can be different, say ρ instead of |ψ . Considering total ignorance of the emitted state |ψ , we assume that it could be any state of the Hilbert space with the same probability density ℘ = 1/2π 2 . Accordingly, the average fidelity f is given by F averaged onto all the possible states {|ψ } and it becomes f = ℘F dψ,
where the θ i s are the two phases of the state |ψ , i.e. 0|ψ = | 0|ψ | e iθ0 and 1|ψ = | 1|ψ | e iθ1 , and dψ = | 0|ψ | d | 0|ψ | dθ 2 dθ 1 is an infinitesimal volume element in the space parameterized by the three independent variables (θ 0 , θ 1 , | 0|ψ |), which define any state, and {|0 , |1 } is any fixed orthogonal basis, henceforth the eigenstates of σ z Pauli operator.
Suppose that the emitter has a single system and wishes to transfer its unknown state |ψ to a receiver. The emitter has only a one-way classical channel for giving information to the receiver. In this purely classical process the sender can measure an observable, whose eigenstates are |0 and |1 , and send by means of a classical bit a 0 if the result is |0 or a 1 if it is |1 . The observable has been previously agreed between them. Thus, the receiver prepares the state |0 with probability | 0|ψ | 2 and |1 with probability | 1|ψ | 2 , instead of |ψ . In this case, the average fidelity of the state prepared by the receiver is given by
which means that the value 2/3 is guaranteed by a purely classical process of transferring information. In consequence, a process for transferring information has quantum features if the average fidelity of the outcome is higher than 2/3 [5] [6] [7] .
III. REDISTRIBUTING FIDELITY IN A PROCESS WITH A PURE CHANNEL
Now we review succinctly the teleportation protocol with the pure quantum channel |C AB = α|0 |0 +β|1 |1 , |i |j denotes the tensorial product of the state |i of system A and state |j of system B. We assume that the systems A and B are spatially separated in such a way that joint operations between them can not be applied. Since any phase in the channel can be removed by a local unitary operation, without loss of generality, we consider the amplitudes α and β to be non negative real numbers and α ≤ β. The channel |C AB is normalized, so α 2 + β 2 = 1. The entanglement of this channel can be characterized by its quantum concurrence, which is given by C = ψ|ψ = 2αβ [14] .
The probabilistic teleportation [11] , of an unknown state |ψ of the qubit a, can be read from the following identity, (2) where |Φ
are the Bell states of the bipartite system aA. From Eq. (2) one realizes that by performing a projective measurement onto the Bell states of the bipartite system aA, the system B is also projected onto the outcomes: |ψ with probabilityp/2, σ z |ψ withp/2, σ x |ψ withp/2, and σ x σ z |ψ withp/2, where
Once the receiver knows the measurement result, the unitary σ z , σ x or σ x σ z can be removed in order to retrieve the states |ψ or |ψ in system B. It is worth mentioning that if β = |β| e iθ is complex then we must introduce the unitary e −i(θ+π)/2 e i(θ+π)σz /2 instead of σ z in Eq. (2) . Note that, when α = β, the states |ψ and |ψ become |ψ , which is the state to be teleported from qubit a to qubit B. Thus, after removing the unitaries, the receiver has only two outcomes, |ψ with probabilityp and |ψ with probabilityp. In this case, the average fidelity becomes,
From this expression we see that the entanglement correlation contributes to the upper third in the average fidelity since, as we saw, the lower two thirds are guaranteed without any quantum correlation but with one-way classical communication. In other words, in this case, only an entanglement different from zero gives the process a quantum nature. Additionally, since each outcome |ψ and |ψ can be filtered, we observe that both have the same normalized average fidelity,f = ℘p ψ|ψ 2 dψ/ ℘pdψ =f = ℘p ψ|ψ 2 dψ/ ℘pdψ = f p , in consequence the filter is unnecessary. Now, in order to redistribute the fidelity into each of the outcomes, |ψ and |ψ , we apply USE scheme [11] . For implementing USE we require an auxiliary qubit b initially in |0 . If the outcome is |ψ then USE is carried out by applyingŪ Bb onto |ψ |0 , wherē
Thus, in this first stage of the USE process we have,
from where we realize that the unknown state |ψ can be recovered by projecting the auxiliary qubit b onto the state |0 , otherwise the system B is projected onto the state |1 . The conditional probability of extracting |ψ , in this case, is α 2 /p.
If the outcome is |ψ then we applyÜ
onto |ψ |0 . In this case we have,
Again the state |ψ is recovered by projecting the auxiliary qubit b onto the state |0 , otherwise the system B is projected onto the state |0 . In this case the conditional probability of extracting |ψ is α 2 /p. Accordingly, the total probability of extracting |ψ from both outcomes becomes independent of |ψ and it is given by
From this expression we see that the extraction of |ψ is possible only if the concurrence C of the channel is different from zero. Both outcomes contribute to successful teleportation with the same probability p ext /2. However, when USE fails there are two possible outcomes, |1 or |0 . Thus, in this case, the average fidelity is given by
We note that f p,USE reaches its minimum value 2/3 when C = 0 and its maximum 1 for C = 1. Again, entanglement contributes to the upper third of the average fidelity. Additionally, note that f p,USE is always lesser than f p . However, the process with USE allows us to obtain, with probability p ext , the state |ψ , thus redistributing, in similar form, the fidelity into each of the two outcomes.
Here it is important to take into account that, by knowing the results of the measurements, the receiver can unambiguously filter the outcomes with the highest average fidelity, 1 in this case.
These results confirm the claim at the end of Sec. II, because both processes with and without USE have a quantum nature only if entanglement is different from zero, which is a purely quantum correlation [14] [15] [16] . Finally, we note that in this case the entanglement of the channel is necessary and sufficient in order for the average fidelity to exhibit quantum features.
IV. REDISTRIBUTING FIDELITY IN A SCHEME WITH A NOISY CHANNEL
Let us now study the same protocol with an X-state as the quantum channel instead of a pure one. It is worth noting that an X-state populates two orthogonal subspaces, H 00,11 spanned by the basis {|0 |0 , |1 |1 } and H 01,10 spanned by {|0 |1 , |1 |0 }; the X form in itself arises because it has zero coherence between the elements of those two subspaces. Thus, we consider systems A and B that share the following state,
Without losing generality we consider the off-diagonal elements ρ 14 and ρ 23 to be real and non negative numbers [17] . Since the quantum channel considered in Sec. II is in the subspace H 00,11 , here we consider it as the principal subspace, i.e., the entanglement ofρ AB is given by the concurrence
In other words, we assume that C 14 is higher than or equal to C 23 = 2 ρ 23 − √ ρ 11 ρ 44 ≤ 0; thus when C 14 is smaller than zero then the channel lacks entanglement and it is separable. If C 14 > 0 then C = C 14 and the channel is entangled. Besides, this assumption implies that the populations of the two subspaces satisfies the following inequality [17] ρ 11 ρ 44 > ρ 22 ρ 33 .
It is worth realizing that the case with a pure channel is obtained for ρ 11 = α 2 , ρ 44 = β 2 , ρ 14 = ρ 41 = αβ, and ρ 22 = ρ 33 = 0. Accordingly, we can think that the initial pure channel |C AB evolves to the state (9) undergoing decoherence, which principally decreases ρ 14 , and dissipation, which principally populates the subspace H 01, 10 .
With this channel we apply the teleportation process described in Sec. III. Firstly, the bipartite system aA is measured in such a way that it can be projected onto one of the four Bell states |φ ± aA , |ψ ± aA , then the system B is also projected onto one of the four statesρ ± B with probabilityp/2 orρ ± B with probabilityp/2, which are given byρ
In the second stage, once the measurement result is known the unitaries are removed. So the receiver has, with probabilityp, the statē
+ρ 32 1|ψ ψ|0 |0 1|+ρ 23 0|ψ ψ|1 |1 0| , (10) and with probabilityp the statë
where now we have defined the pure states
We note that the pure states |ψ ψ | in Eq. (10) and |ψ ψ | in (11) are affected by decoherence inside the subspace H 00,11 and by the fact that the subspace H 01,10 is populated. In this case the average fidelity becomes
From this expression we realize that entanglement is necessary but not sufficient for obtaining an average fidelity higher than 2/3. Specifically, the process displays quantum features only when C 14 is greater than the threshold value C X,th given by
This threshold value is zero when the channel is exclusively inside of H 00,11 or when ρ 22 = ρ 33 . More importantly, we realize from Eq. (12) that there is a competition between entanglement which favours the quantum features and increases the average fidelity, and the dissipation mechanism which populates H 01,10 and decreases the average fidelity.
Notice that f X and C X,th do not depend on the offdiagonal elements ρ 23 , but do depend on how the subspace H 01,10 is populated. Here we also obtain that the normalized average fidelities of the two outcomes are equal, i.e.,f = ℘p ψ|̺ B |ψ dψ/ ℘pdψ =f = ℘p ψ|̺ B |ψ dψ/ ℘pdψ = f X . Therefore, in this case, the discrimination or filtration between the two outcomes is unnecessary. Now let us apply the USE scheme described in Sec. (III). In this case, we must replace α/β by ρ 11 /ρ 44 in theŪ Bb andÜ Bb , where ρ 11 < ρ 44 follows from our earlier assumption that α < β. If the outcome is̺ B then we transform̺ B ⊗ |0 0| by means ofŪ Bb . After applyingŪ Bb , the σ z observable of the auxiliary system b is measured. Thus we calculate only the two possible results,
with conditional probability
with conditional probability 1 − p. Similarly, if the outcome is̺ B then̺ B ⊗ |0 0| is transformed withÜ Bb . Here we calculate only the two possible results of system B which arise due to the measurement of the system b; the statë
appears with conditional probability
with conditional probability 1 − q. Notice that, both outcome states (14) and (15) are mixed states composed of the desired state |ψ ψ|, non-diagonal terms which appear because of the decoherence inside H 00,11 , and other terms coming from the population of subspace H 01,10 . Thus, the extraction becomes approximate due to those undesired terms. Therefore, the total probability of quasiextracting |ψ ψ| becomes p ∼ext =pp +pq, = 2ρ 11 + ρ 33 + ρ 11 ρ 22 ρ 44 , and the total average fidelity of this process is given by
Here we realize that there is a threshold value C X,USE,th of the concurrence in order to ensure that f X,USE is higher than 2/3, where
This shows that entanglement is necessary but not sufficient, i.e., the process displays quantum features only when C 14 > C X,USE,th .
Note that C X,USE,th becomes zero when the populations inside both subspaces are uniform. Clearly the threshold C X−USE,th is greater than C X,th , i.e., this procedure with USE demands more entanglement in order to have total average fidelity higher than 2/3. Besides, we can easily note that f X,USE ≤ f X . Therefore we ask what do we gain by implementing the USE process? For answering this question we have to take into account that the receiver can filter the outcomes of USE process. In this form, the receiver can unambiguously choose the outcomes with the greatest normalized average fidelity. The normalized average fidelity of the outcomes associated with the quasiextraction is , which is higher than 2/3 when the channel concurrence is higher than the threshold value C X,USE,0,th given by We note that in this case f X,USE,0 > f X , which is what we gain. Besides, we can see that the threshold value C X,USE,0,th is smaller than C X,th when
which is another effect that we gain. Note also that C X,USE,0,th becomes zero for ρ 11 ρ 22 = ρ 33 ρ 44 . On the other hand, if the quasiextraction fails then the normalized average fidelity of the other outcomes becomes
.
Clearly f X,USE,1 is smaller than 2/3, which is the price that we pay. Therefore, here the USE procedure allows us to redistribute the fidelity between two outcomes; one of them with average fidelity grater than 2/3 if the concurrence of the channel is higher that the threshold (16) , and the other one always lesser that 2/3. Again we note from the expression of the threshold C X,USE,th and C X,USE,0,th that there is a competition between entanglement, which introduces the quantum features, and the decoherence and dissipation mechanisms, which introduce classicality to the quantum channel.
V. CONCLUSION
In summary we have proposed a scheme that redistributes the average fidelity in a teleportation procedure, with a noisy channel modelled by an X−state. We make use of the unambiguous state extraction protocol to perform the redistribution of the fidelity inside each outcome state of the teleportation process. The fidelity redistribution allows us to enhance significantly the manifestation of the quantum nature in a distinguishable outcome with probability different from zero.
Specifically, we find that when the quantum channel is pure, the entanglement of the channel is necessary and sufficient in order for the quantum nature to emerge in the total average fidelity of the outcome states. In this case, the USE redistributes the average fidelity in such a way that there is a possible outcome with fidelity 1, which means that the teleportation is successful.
When the quantum channel is an X-state, we find that the entanglement of the channel is necessary but not sufficient for having a total average fidelity greater than 2/3. In this case we have found a threshold value of the concurrence, beyond which the quantum nature of teleportation emerges in the total average fidelity. By implementing the USE scheme the fidelity is redistributed in a way such that there is a filtrable outcome, with probability different from zero, with average fidelity significantly higher than that without the USE. Furthermore, the threshold concurrence for getting this effect can be smaller than that for the process without the USE.
Finally we want to emphasize that when the quantum channel is a mixed X-state, we easily see that there appears a competition between entanglement which introduces a quantum nature and the decoherence and dissipation mechanisms which introduce classicality.
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